Excitation energy transfer (EET) is one of the most important processes in both natural and artificial chemical systems including, for example, photosynthetic complexes and organic solar cells. The EET rate, however, is strongly suppressed when there is a large difference in the excitation energy between the donor and acceptor molecules. Here, we demonstrate both analytically and numerically that the EET rate can be greatly enhanced by periodically modulating the excitation energy difference. The enhancement of EET by using this Floquet engineering, in which the system's Hamiltonian is made periodically time-dependent, turns out to be efficient even in the presence of strong fluctuations and dissipations induced by the coupling with a huge number of dynamic degrees of freedom in the surrounding molecular environments. As an effect of the environment on the Floquet engineering of EET, the optimal driving frequency is found to depend on the relative magnitudes of the system and environment's characteristic time scales with an observed frequency shift when moving from the limit of slow environmental fluctuations (inhomogeneous broadening limit) to that of fast fluctuations (homogeneous broadening limit).
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Excitation energy transfer (EET) is one of the most elementary and vital chemical processes in molecular systems. For example, EET from the light-harvesting antennae to the reaction centers in photosynthetic organisms is crucial for understanding their extremely high quantum efficiency under low light conditions. 1-3 Under high light conditions, on the other hand, photosynthetic systems regulate the EET so that the amount of electronic excitations does not exceed the capacity of the reaction centers 4, 5 Excitation energy transfer is also an indispensable process in the working of photovoltaic systems such as organic solar cells, where Frenkel excitons are transported to the bulk heterojunction's interface between the electron-donor domain of conjugated polymers and the electron-acceptor domain of fullerenes at which charge transfer occurs to produce electron-hole pairs. [6] [7] [8] It is expected that understanding of the EET in natural photosynthetic systems can be exploited to improve the energy conversion efficiency in the photovoltaics.
9,10 A great deal of effort has been made to understand EET processes in complex molecular systems; however, recent advances in optical and spectroscopic technologies have added new dimensions to the investigation.
Recently, two-dimensional electronic spectroscopy revealed the existence of long-lived quantum coherence among the electronic excitations of pigments embedded in light-harvesting proteins of different types of biological organisms. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] The interplay of the quantum coherence of the electronic excitation in pigments and the thermal fluctuations arising from the surrounding protein environment in the EET of photosynthesis has been extensively investigated. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] However, the most fundamental factors that determine the pathways of EET and the EET efficiency are still the strengths of electrostatic interactions among molecules and the energy landscape of the involved electronic excitations. 31, 32 Indeed, when the excitation energy difference between the donor and acceptor molecules is large compared with the other relevant energy scales of the system under consideration, the EET rate is strongly suppressed, as Förster theory demonstrates. 32, 33 In this case, the so-called Floquet engineering [34] [35] [36] [37] can be exploited to enhance the EET rate. In Floquet engineering, the system Hamiltonian is periodically modulated with a frequency ω. When the excitation energy difference ∆E between the donor and the acceptor is close to an integer multiple of the driving frequency, ∆E ≃ n ω with n being an integer, the EET rate would be greatly enhanced via absorption (emission) of n energy quanta from the driving source for negative (positive) ∆E. Floquet engineering has been investigated for controlling transport of ultracold atoms in shaken optical lattices. 38, 39 In contrast to ultracold atoms, which are almost isolated quantum systems, however, electronic excitations in condensed phase molecular systems are often strongly coupled to their surrounding environments, and hence, they are substantially affected by random fluc-tuations as well as molecular vibrational motions. Similar ideas have been applied in different types of systems including electron transfer in molecules 40 and electron transport in nanostructured devices.
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In this Letter, we investigate how the EET in condensed phase molecular systems can be controlled through the use of Floquet engineering. Here, the difference in the excitation energy between the donor and acceptor is periodically modulated by taking advantage of the difference between the two molecules. If a molecule possesses a permanent dipole moment (PDM), the periodic modulation of its excitation energy can be generated by applying an electromagnetic field (EMF) that interacts with the molecule via the dipole interaction. In contrast, if the molecule does not have a PDM, the periodic modulation of the excitation energy can be realized, for example, through the ac Stark effect with the amplitude of the applied EMF being varied periodically or by perturbing the surrounding environment of the molecule with an oscillation through the piezoelectric effect. We demonstrate, both analytically by using the general Floquet theory with a high-frequency approximation and numerically by solving the hierarchy equation of motion, that the EET rate can be greatly enhanced with the use of Floquet engineering and that this enhancement is efficient even in the presence of strong dissipations and fluctuations induced by coupling with a huge number of dynamic degrees of freedom of the surrounding environment. On the other hand, the effect of molecular environment on Floquet engineering of EET is also unveiled. The optimal driving frequency is found to depend on the relative magnitudes of the system and the environment's characteristic time scales. In particular, we find an observable shift in the frequency when moving from the limit of slow nuclear motion, i.e., the inhomogeneous broadening limit, to that of fast nuclear motion, i.e., the homogeneous broadening limit.
We consider EET between two molecules in condensed phases, each of which are coupled with the environmental degrees of freedom. The potential energy surfaces (PESs) for the ground and excited states of the donor and acceptor molecules are approximated by harmonic potentials. Initially, the donor molecule is prepared in the excitation state, for example, by absorbing a short light pulse. The excitation is assumed to occur vertically, i.e., without changing the nuclear configuration, following the Franck-Condon approximation, as shown in Figure 1 . The excitation energy transfer is performed by an electronic coupling V 12 between the donor and acceptor molecules. The Hamiltonian of the total system is given by
where |ϕ ma and H ma (x m ) (m = 1, 2, a = g, e) represent the electronic state vectors and the Hamiltonians describing the nuclear dynamics associated with the electronic ground (g) and excited (e) states of the molecules, respectively. Here, x m represents the set of relevant nuclear coordinates including the normal modes of the intramolecular vibrations and the surrounding environment. The typically small dependence of the electronic coupling V 12 on the nuclear degrees of freedom is neglected. The Hamiltonian H ma (x m ) is a sum of the nuclear kinetic energy and the PES ǫ ma (x m ):
where x 0 mg is the equilibrium configuration of the nuclear coordinates associated with the electronic ground state, q mξ and p mξ are the dimensionless coordinate and momentum, respectively, of the normal mode ξ with the corresponding frequency ω mξ , and d mξ is the dimensionless displacement, i.e., the distance between the respective equilibrium configurations x m , i.e., in the incoherent EET regime, the environmental degrees of freedom associated with the donor would relax to its equilibrium configuration in the excited-state manifold before the excitation is transferred to the acceptor. Using Fermi's golden rule, we obtain the Förster formula for the EET rate from state |1 = |ϕ 1e |ϕ 2g to state |2 = |ϕ 1g |ϕ 2e ,
, where F 1 (ω) and A 2 (ω) are the fluorescence line shape of the donor and absorption line shape of the acceptor, respectively. 32, 33 In the inhomogeneous broadening limit, the fluorescence and absorption line shapes may be approximated by the classical Gaussian forms, and consequently, the EET rate is given by 42, 43 
In the opposite limit, i.e., the homogeneous broadening limit, the line shapes have Lorentzian forms, and hence, the EET rate is given by 42, 43 An electronic excitation, i.e., exciton (yellow), is generated in the donor molecule through a vertical Franck-Condon transition. After dissipating energy to the nuclear environment and approaching the equilibrium position in the excited-state PES, the exciton is transferred to the acceptor molecule via the electronic coupling between the two molecules. The EET rate can be greatly enhanced by periodically modulating the difference in the excitation energy between the donor and acceptor.
where Γ 12 ≡ (2k B T / )[(λ 1 /γ 1 ) + (λ 2 /γ 2 )]. In both the inhomogeneous and homogeneous limits, the EET rate would be strongly suppressed when there is a large difference in the excitation energy between the donor and acceptor molecules. Now, let us consider a case that the difference in the excitation energy between the donor and acceptor is periodically modulated with frequency ω and amplitude A. The Hamiltonian of the total system is then given by eq (1) with the excitation energy Ω 1 in eq (3) replaced by a time-dependent one
The driving frequency ω is chosen such that the static excitation energy difference between the two molecules is close to an integer multiple of ω, Ω 2 −Ω 0 1 ≃ nω, where n is an integer. Following the general Floquet theory, 35, 44 we perform a unitary transformation defined by the operator
The transformed Hamiltonian
has the same form as the original static one, eq (1). However, the excitation energies of the donor and acceptor are changed to Ω 0 1 and Ω 2 − nω, respectively.
More importantly, the electronic coupling between the two molecules becomes time-dependent V 12 e iχ(t) , where χ(t) = A sin(ωt)/ω − nωt (see the Supporting Information for details). Therefore, the whole time dependence of the transformed Hamiltonian is contained in the phase factor e iχ(t) of the electronic coupling. In the high-frequency limit, i.e., when the driving frequency is large compared with the characteristic energy scales relevant to the EET, we can take an average over the rapid oscillation in the Hamiltonian. 35 As a result, we obtain an effective Hamiltonian approximated by its cycle average
where T = 2π/ω is the period of the driving. This averaged Hamiltonian corresponds to the lowest-order term in the high-frequency expansion, i.e., an expansion in powers of 1/ω. The time-independent effective Hamiltonian then has the same form as the static one (eq (1)), with the excitation energies of the donor and acceptor being Ω 0 1 and Ω 2 − nω, respectively. Furthermore, the timeindependent effective electronic coupling is given by
where J n (x) is the nth-order Bessel function of the first kind, J n (x) = (1/2π) 2π 0 dt e i(−nt+x sin t) . Compared with the original Hamiltonian in eq (1), the effective Hamiltonian in the presence of a periodic driving has a reduced excitation-energy difference between the donor and the acceptor molecules while at the same time the electronic coupling is modified by the Bessel function.
The maximum values of the low-order Bessel functions J n (x) (n = 1, 2, . . . ) are of the order of unity. Because the system-environment couplings in the effective Hamiltonian are the same as those in the original Hamiltonian, the expressions for the EET rate in both the inhomogeneous and homogeneous limits can be applied to the EET with Floquet engineering.
Considering the incoherent EET regime, for the inhomogeneous limit, we choose the optimal driving frequency so as to satisfy Ω 2 − Ω 0 1 + 2λ 1 = nω. In this case, the EET rate with the Floquet engineering is found to be
In the homogeneous limit, on the other hand, the optimal driving frequency should be chosen as Ω 2 − Ω 0 1 = nω. In this case, the Floquet-engineered EET rate is given by
The optimal driving frequency, therefore, is shifted as moving from the inhomogeneous to the homogeneous broadening limit. This demonstrates an effect of the system's environment on the control of the system's dynamics by the Floquet engineering. It is, however, clear that in both the inhomogeneous and homogeneous limits the EET rate can be greatly enhanced as there are no longer large suppression factors associated with the excitation energy difference between the donor and acceptor. Until this point, we have addressed the incoherent hopping regime, the high-frequency limit, and the inhomogeneous and homogeneous broadening limits in order to get insight into the inner working of the Floquet engineering by deriving the analytical expressions for the Floquetengineered EET rate. To demonstrate that Floquet engineering can be efficient for enhancement of EET over a wide range of parameters, we perform quantum dynamics calculations of the EET. It should be noticed that quantum dynamics described by the above Hamiltonians can be solved in a numerically accurate fashion 24, 45 through the use of the so-called hierarchical equation of motion approach. To demonstrate effects of Floquet engineering on the EET rate, we take a large excitation energy difference between the donor and the acceptor. On the other hand, the magnitude of the electronic coupling V 12 is taken to be comparable to the reorganization energy λ 1,2 as well as the inverse of the environmental relaxation time γ 1,2 , for which the system is in the intermediate regime between the coherent and incoherent limits. Values of the parameters are taken to be V 12 = 20 cm
−1 , and T = 100 K. The driving frequency ω = 18 THz is chosen to be near resonant, and the driving amplitude is chosen to satisfy A = ω. Figure 2 clearly demonstrates that Floquet engineering enhances the EET rate.
To investigate how the EET rate depends on the driving frequency and amplitude, we evaluate the EET rate k 1→2 by numerically calculating the evolution of the reduced density operatorρ(t) with the initial condition p 1 (0) = 1|ρ(0)|1 = 1 and p 2 (0) = 2|ρ(0)|2 = 0. In general, EET rates are defined by the rate equations dp 1 (t)/dt = −k 1→2 p 1 (t) + k 2→1 p 2 (t) and dp 2 (t)/dt = −k 2→1 p 2 (t) + k 1→2 p 1 (t). At short time t ≃ 0, the equations are approximated by dp 1 (t)/dt ≃ −k 1→2 p 1 (t) because of p 2 (t) ≃ 0, and thus, the EET rate can be obtained by fitting the short-time evolution of p 1 (t) accord- quency ω with keeping the ratio A/ω constant. It is evident that the EET rate is maximum near the resonance frequency Ω 2 − Ω 0 1 = 30V 12 . The numerically obtained maximum value of the EET rate is found to be slightly larger than the analytically predicted maximum value for the incoherent EET regime and the inhomogeneous broadening limit, k max = 0.03837V 12 , which is colored in red. The dependence of the EET rate on the driving amplitude when the driving frequency is kept constant at ω = 30V 12 is shown in Figure 4 . The observed oscillating behavior of k 1→2 as a function of A originates from the pattern of the first-order Bessel function J 1 (x).
In order to reveal the difference in the behavior of EET rate as a function of the driving frequency ω in the inhomogeneous and homogeneous broadening limits, we evaluate k 1→2 (ω) for two different values of the reorganization energy: λ 1,2 = V 12 and λ 1,2 = 2.5V 12 . The result of k 1→2 (ω) for the frequency range around the resonance value is shown in Figure 5 . It can be seen that for the larger value of λ 1,2 , where the system is closer to the inhomogeneous broadening limit, there appear two peaks of the EET rate around Ω 2 − Ω 0 1 + 2λ 1 = 34V 12 and Ω 2 − Ω 0 1 = 30V 12 , with the first peak being slightly larger. The emergence of the peak around ω = 34V 12 , i.e., Stokes-shifted from the resonance frequency ω = 30V 12 , can be regarded as a consequence of the system's environment in the inhomogeneous limit. This is qualitatively consistent with the analytical prediction in the incoherent EET regime even though the parameters used in the numerical calculation correspond to the intermediate regime between coherent and incoherent hopping. Moreover, it is clear from Figure 5 that as the reorganization energy gets smaller, for which the system moves toward the homogeneous broadening limit, the Stokesshifted peak is damped while the resonance frequency peak is enhanced. This behavior of k 1→2 (ω) when λ 12 is varied is also in qualitative consistency with the analytical prediction.
In conclusion, we have demonstrated both analytically and numerically that the EET can be significantly enhanced with the use of Floquet engineering. The enhancement of the EET process by Floquet engineering is found to be efficient even in the presence of fluctuations and dissipations that are induced by coupling with a huge number of dynamic degrees of freedom in the surrounding molecular environments. Floquet engineering, therefore, may provide us with a powerful tool for controlling quantum dynamics in molecular systems in addition to the laser-pulse-shaping approaches that have been widely considered for molecular systems. [48] [49] [50] [51] Unlike quantum control of energy flow based on a shaped laser pulse, which generates a temporally separated sequence of coherent wavepackets that interfere in a manner that enhances the EET, Floquet engineering directly targets the EET of a specific pair of molecules in a molecular system. Furthermore, in addition to the transition amplitude, Floquet engineering can also be used to manipulate the quantum phase coherence of electrons involved in the chemical processes, by which quantum mechanical properties of the molecular system can be explored.
